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 2023   HIGHER SCHOOL CERTIFICATE TRIAL EXAMINATION 
 

Mathematics Extension 2 
 

 

General 
Instructions 

• Reading time – 10 minutes  

• Working time – 3 hours  

• Write using black pen 

• Calculators approved by NESA may be used 

• Reference sheets are provided with this paper 

• For questions in Section II, show relevant mathematical reasoning 

and/or calculations 

Total marks:  
100 

Section I – 10 marks (pages 2–5) 

• Attempt Questions 1–10 

• Allow about 15 minutes for this section 

Section II – 90 marks (pages 6–12) 
• Attempt Questions 11–16 
• Allow about 2 hours and 45 minutes for this section 
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10 marks 
Attempt Questions 1–10  
Allow about 15 minutes for this section  
 
Use the multiple-choice answer sheet for Questions 1–10. 

 

1 Given the statement:  
 
“If a prime number greater than 3 can be represented by 6𝑛 ± 1 then n is a positive integer.” 
 
Which of the following statements is its contrapositive? 

 
A. If 6𝑛 ± 1 is not a prime number greater than 3, then n is not a positive integer. 

B. If n is not a positive integer, then 6𝑛 ± 1 is a prime number greater than 3. 

C. If n is not a positive integer, then 6𝑛 ± 1 is not a prime number greater than 3. 

D. If 6𝑛 ± 1 is a prime number greater than 3, then n is not a positive integer. 

  
 
 

2 The points P, Q and R are collinear where 𝑂𝑃⃗⃗ ⃗⃗  ⃗ = �̃� − 𝑗̃, 𝑂𝑄⃗⃗⃗⃗⃗⃗  = −3𝑗̃ − �̃� and  𝑂𝑅⃗⃗ ⃗⃗  ⃗ = 2�̃� + 𝑚𝑗̃ + 𝑛�̃� for 

some constants m and n. 
 
Which of the following are possible values for m and n? 

 
A. 𝑚 = −1 and 𝑛 = −1 

B. 𝑚 = −1 and 𝑛 =  1 

C. 𝑚 =  1 and 𝑛 =  1 

D. 𝑚 =  1 and 𝑛 = −1 

 
 
 

3 A particle is moving in simple harmonic motion with displacement x metres. Its acceleration �̈� is 

given by �̈� =  −4𝑥 + 3. What are the centre and period of the motion? 
 

A. centre of motion = 3, period = 
𝜋

2
 

B. centre of motion =
3

4
 , period =  𝜋 

C. centre of motion = − 3, period =  𝜋 

D. centre of motion =
3

4
 , period = 

𝜋

2
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4 The points A and B in the diagram represent the complex numbers 𝑧1 and 𝑧2 respectively, where    

|𝑧1| = 1 and Arg (𝑧1) =  𝜃 and 𝑧2 =  √3 𝑖𝑧1. 

 

 
 

 Which of the following represents 𝑧2 − 𝑧1? 
 
A. 

2𝑒𝑖(
2𝜋
3

 + 𝜃)
 

B. 
3𝑒𝑖(

2𝜋
3

 + 𝜃)
 

C. 
2𝑒𝑖(

2𝜋
3

 − 𝜃)
 

D. 
3𝑒𝑖(

2𝜋
3

 − 𝜃)
 

 

 
 

5 Which of the following numbers is a 6th root of i ? 

 
 

A. 
−1

√2
+ 

1

√2
 𝑖 

B. 
−1

√2
− 

1

√2
 𝑖 

C. −√2 + √2 𝑖 

D. −√2 − √2 𝑖 

 
 
 
 
 
 
 
 
 
 
 

6 Given the statement: “ n  , n = 9m + 2 n can be written as a sum of two square integers”. 
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Which of the following statements is its negation? 

 
 

A. n  , n   9m + 2 and n can be written as a sum of two square integers 

B. n  , n = 9m + 2 and n cannot be written as a sum of two square integers 

C. n  , n = 9m + 2 and n cannot be written as a sum of two square integers 

D. n  , n   9m + 2 and n can be written as a sum of two square integers 

 
 
 

7 

 

By using the substitution 𝑡 =  tan
𝑥

2
, ∫

𝑑𝑥

1+ sin 𝑥

𝜋

2
0

 can be expressed as: 

 
 

A. ∫
1

1 + 2𝑡
 𝑑𝑡

1

0

 

B. ∫
2

1 + 2𝑡
 𝑑𝑡

1

0

 

C. ∫
1

(1 + 𝑡)2
 𝑑𝑡

1

0

 

D. ∫
2

(1 + 𝑡)2
 𝑑𝑡

1

0

 

 
 
 

8 The scalar product of 5�̃� +  𝑗̃ − 3�̃�  and 3�̃� − 4𝑗̃ + 7�̃�  is: 
 

 

A. 
 
10 

 

 
 

B. 
 
−10 

 

 
 

C. 

 
15 

 
 

 

D. 
 
−15 
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9 Which expression is equivalent to ∫
𝑑𝑥

√𝑥2+1  
 ? 

 

A. ln |√1 + 𝑥2  + 𝑥| +  𝑐 

B. ln |√1 + 𝑥2 | +  𝑐 

C. ln|√1 +  𝑥2 − 𝑥| +  𝑐  

D. ln |𝑥√1 + 𝑥2 | +  𝑐 

 
 
 

10 When Mr Kim applies his brakes in his car, the change in velocity is given by 
𝑑𝑣

𝑑𝑡
= 𝑘𝑣, where k is a 

constant. Initially his car was travelling at 6 𝑚𝑠−1. Ten seconds later, he was travelling at 2 𝑚𝑠−1. 

  
How fast was Mr Kim travelling five seconds after the brakes were applied? 
(answer to three significant figures) 
 

 
 

A. 3.29 𝑚𝑠−1 

B. 4.82 𝑚𝑠−1 

C. 4.72 𝑚𝑠−1 

D. 3.46 𝑚𝑠−1 
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Section II  
90 marks 
Attempt Questions 11–16  
Allow about 2 hours and 45 minutes for this section.  
Answer each question in the appropriate writing booklet. Extra writing booklets are available.  

For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations. 

 

Question 11 (16 marks) Use a separate Writing Booklet 
 
 
(a) If 𝜔 is a complex cube root of unity, simplify each of the following:  

 
(i) 𝜔5 1 

 
 

(ii) 
1 + 𝑤4 + 𝜔8 2 

 
 

(b) 
  Find the modulus and argument of  𝑧 =  

5−𝑖

2−3𝑖
. 

 
3 

 
(c) Evaluate exactly as a fraction with a rational denominator:  

 

∫
𝑐𝑜𝑠3𝑥

𝑠𝑖𝑛2𝑥

𝜋

3
𝜋

6

 𝑑𝑥  . 

   3 

 

 

 
 

(d)  
The velocity of a particle in m/s is moving in simple harmonic motion along the x-axis is 
given by 𝑣2 = −𝑥2 − 4𝑥 + 12. 

 

 

 
(i) State the centre and period of motion. 2 

 
(ii) What is the maximum acceleration of the particle? 2 

 
 
  (e)      Two masses, m1 and m2 are connected by a light inelastic string passing over a smooth pulley.             3 
            The first mass, m1 rests on s smooth plane which makes an angle of 𝜃 with the horizontal.  

            The second mass hangs in the air. The tension in the string is T and N is the normal reaction of  

             the plane on the mass m1. If the masses are stationary, show that:   
𝑇2

𝑚1
2 + 

𝑁2

𝑚1
2 = 𝑔2  
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Question 12 (14 marks) Use a separate Writing Booklet  

 

 
 

(a) 
Simplify 

1+𝑖+ 𝑖2+ 𝑖3+ … + 𝑖1000

1−𝑖+ 𝑖2− 𝑖3+ … + 𝑖1000 . 
 

3 

 
 
 
(b) 

 Find the values of A, B and C such that 
1

𝑥(1+ 𝑥2)
 ≡  

𝐴

𝑥
+ 

𝐵𝑥+𝐶

1+ 𝑥2
  and hence evaluate 

∫
𝑑𝑥

𝑥(1+ 𝑥2)

2

0.5
.   

 

Leave your answer in the form ln|𝑏|,  where b ∈ 𝑍. 

   5 

 
 
 
(c) (i) Find the distance between the centres of the two spheres with equations: 

 

 |�̃� − (
3

−4
3

)| = 5  and |�̃� − ( 
−7
7
1

)| = 10. What is the significance of your answer? 

 
 

   2 

 
(ii) Find the coordinates of the point/s of contact between the two spheres. 2 

 
 

(iii) Find the vector equation of the line passing through the two centres. 2 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Question 13 (15 marks) Use a separate Writing Booklet  
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(a) A particle is initially at rest on the number line at a position of x =1. The particle moves 

continuously along the number line according to the acceleration equation:  
 

                   �̈� = 
4

(𝑥−2)2
+ 

8

𝑥3
 . 

 
 

 

 
 

(i) At time t, the velocity of the particle is v. Show that 

                      𝑣2 = 
−8

𝑥−2
− 

8

𝑥2
  

 

2 

 
(ii) Hence or otherwise, determine the possible range of the particle’s displacement as it 

moves along the number line. 
3 

 
 
 

(b) (i) Write the complex number 1− √3 𝑖  in exponential form. 
 

2 

 

(ii) Hence find the exact value of (1 −  √3 𝑖 )8 giving your answer in the form 𝑥 + 𝑦𝑖.  2 

 

 

(c) A triangle is formed in 3-D space with vertices 𝐴(1,−2, 3),𝐵(2, 0,3) and 𝐶(4,2, 1).  

Find the size of < 𝐴𝐵𝐶, giving your answer to the nearest minute. 

3 

 
  
 
 

(d) Find ∫ cos−1 𝑥 𝑑𝑥
𝜋

4
0

 correct to two decimal places. 

 

 

3 
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Question 14 (15 marks) Use a separate Writing Booklet  
 
 
(a) If 𝐼𝑛 =  ∫ 𝑡𝑎𝑛𝑛 𝑥 𝑑𝑥  

 
 

(i) Show that 𝐼𝑛 + 𝐼𝑛−2 = 
𝑡𝑎𝑛𝑛−1𝑥 

𝑛−1
+ 𝑐. 

 

3 

 
(ii) 

Hence, or otherwise, evaluate exactly ∫ (𝑡𝑎𝑛7𝑥 +  𝑡𝑎𝑛5𝑥) 𝑑𝑥
𝜋

4
0

. 
1 

 
 
 
(b) It is given that 𝑎 + 𝑏 + 𝑐 = 1 and 𝑎 + 𝑏 + 𝑐 = 3√𝑎𝑏𝑐3

 where a, b and c are positive real 
integers. 

 

 
(i) Prove that 

1

𝑎
+ 

1

𝑏
+ 

1

𝑐
 ≥ 9. 

 
                                         

3 

 

(ii) 

 

Hence or otherwise find the smallest possible value of (
1

𝑎
− 1)(

1

𝑏
− 1) (

1

𝑐
− 1). 

 

2 

 
 
 
 
(c) Given 𝐴(1,1), 𝐵(2,8) and 𝐶(−1,5) are the vertices of a triangle:  

 
(i) Find the vector equation of the line passing through A perpendicular to BC. 2 

 

(ii) 
The orthocentre of a triangle is the point of intersection of the three altitudes of the 
triangle. Find the coordinates of the orthocentre of the triangle ABC. 

4 
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Question 15 (14 marks) Use a separate Writing Booklet  
 
 
(a)    (i)      Show that, if 0 < 𝑥 <  

𝜋

2
,  then 

sin(5𝑎+3)𝑥

sin 3𝑥
− 

sin(5𝑎−3)𝑥

sin 3𝑥
= 2cos(5𝑎𝑥). 

 

2 

 
 
 

(ii) Deduce that, if a is any integer then, ∫
sin(5𝑎+3)𝑥

sin 3𝑥

𝜋

5
0

𝑑𝑥 = ∫
sin(5𝑎−3)𝑥

sin 3𝑥

𝜋

5
0

𝑑𝑥. 

 

2 

   
 
   
   
 
(b) In a certain sequence 𝑇𝑛,  𝑇1 = 3, 𝑇2 = 5 and 𝑇𝑛+2 = 4𝑇𝑛+1 − 3𝑇𝑛.  

 
Prove by mathematical induction that 𝑇𝑛 = 3𝑛−1 + 2. 

 

3 

   
 
   
(c) The clearance for shipping under the Sydney Harbour Bridge is 45 metres. The Penrith Sun 

cruise ship is a luxury cruise ship which requires 43.8 metres height above the water level to 
safely cruise under the bridge. The process of sailing under the bridge will take 15 minutes. The 
first low tide on Saturday the 26th of August was at 2 am and the first high tide was at 8 am. The 
depth of water at low tide was 0.4 m and at high tide it was 1.5 m. Assume that the tidal motion 
is simple harmonic motion. 
 
  (i) Neatly draw the displacement graph showing two complete wavelengths for the Penrith  
       Sun cruise ship starting from 2am on Saturday the 26th of August.  
 
  (ii) Hence show that the displacement equation can be written in the form 𝑥 = −𝑏cos(𝑛𝑡) + 𝑐.  

 
(iii) Determine between what times on Saturday can the Penrith Sun cruise ship safely make 
       the passage under the bridge, given that no ships are allowed under the Sydney Harbour  
       Bridge between 8 pm and 2 am? 

 

 

 
 

 

 

 
 

2 

 
 

2 

 

3 

 
 
 
 
 
 
 
 
 
 
 
 
Question 16 (16 marks) Use a separate Writing Booklet  
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(a) What is the projection vector of the vector 2�̃� + 3𝑗̃ − 6�̃�  on the line joining the points 

(3,4, 2) and (5,6, 3)? 

 
 

2 

 
 
 
 
(b)   (i)  If 𝑧 =  cos 𝜃 + 𝑖 sin 𝜃, show that sin 𝑛𝜃 =  

1

2𝑖
(𝑧𝑛 − 

1

𝑧𝑛).  

 

2 

 

(ii) Express 𝑠𝑖𝑛5𝜃 in terms of multiple angles. 2 

 

(iii) Hence find ∫ 𝑠𝑖𝑛5𝜃 𝑑𝜃. 1 

 

(c) 

 

Evaluate exactly ∫  
6𝑥+18

𝑥2+9

3

√3
 𝑑𝑥. 

 

 

3 

 
 
 

(d) (i) 

 

Prove that cos 𝑥 = 1 − 2𝑠𝑖𝑛2 𝑥

2
 

 
 

1 

 
 

(ii) Prove by mathematical induction that 
1

2
+ cos 𝑥 + cos 2𝑥 +  cos 3𝑥 + ⋯ + cos 𝑛𝑥 =

 
sin(𝑛+ 

1

2
)𝑥

2 sin
𝑥

2

  for all 𝑛 ∈ 𝑍+. 

 

5 

  
 
 
 

 

 

 

 

 

 

 

End of examination! 
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